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We prove the conjecture of Sfetsos, Siampos and Thompson that suitable analytic continuations of 
the Poisson–Lie T-duals of the bi-Yang–Baxter sigma models coincide with the recently introduced 
generalized λ-models. We then generalize this result by showing that the analytic continuation of a 
generic σ -model of “universal WZW-type” introduced by Tseytlin in 1993 is nothing but the Poisson–Lie 
T-dual of a generic Poisson–Lie symmetric σ -model introduced by Klimcˇík and Ševera in 1995.
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Two kinds of integrable nonlinear σ -models, the so-called 
η-deformation of the principal chiral model [1,2] and the λ-defor-
mation of the WZW model [3], have recently attracted much at-
tention because of their relevance in string theory or in non-
commutative geometry [4]. The integrability of those models was 
proven at the level of the Lax pair in [2,3] and at the level of the 
so called r/s exchange relations in [5]. Both the η-model and the 
λ-model turned out to be deformable further to give rise to several 
families of multi-parametric integrable σ -models1 [6–8] living on 
general semi-simple group targets (those families generalize some 
of the integrable families of σ -models on low dimensional group 
targets obtained previously in [10]).
In three recent papers [11,12,8], there was suggested that 
the η-deformation of the principal chiral model [1,2] and the 
λ-deformation of the WZW model should be related by the 
Poisson–Lie T-duality [13,14] followed by an appropriate analytic 
continuation of the geometry of the λ-model target. In particular, 
such suggestion was fully worked out for the simplest group tar-
get SU (2) in [8] where it was shown that the Poisson–Lie T-dual of 
the bi-Yang–Baxter model [7] coincides with the analytically con-
tinued generalized λ-model [8]. Furthermore, Sfetsos, Siampos and 
Thompson conjectured that the same result should hold for the 
bi-Yang–Baxter model living on a general simple compact group 
target. We have partially proved this conjecture in [16] in the fol-
lowing sense: we did work with the general simple compact group 
E-mail address: ctirad.klimcik@univ-amu.fr.
1 The strong integrability in the r/s-sense of the so-called bi-Yang–Baxter model 
of [7] was further established in [9].http://dx.doi.org/10.1016/j.physletb.2016.06.077
0370-2693/© 2016 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.target but we have switched off one of the two deformation pa-
rameters of the bi-Yang–Baxter model. Said in other words, we 
have established in [16] for every simple compact group target 
that the Poisson–Lie T-dual of the Yang–Baxter model [1,2] coin-
cides with the analytically continued λ-deformation of the WZW 
model [3]. The ﬁrst purpose of the present letter is to switch on 
also the second parameter and, hence, to prove the conjecture of 
Sfetsos, Siampos and Thompson in its strongest form.
The second purpose of our work is to reveal a highly nontriv-
ial structural relation between two classes of σ -models introduced 
more than twenty years ago: the class of “universal WZW-type 
conformal σ -models” introduced by Tseytlin in [18]; we shall re-
fer to them as T-models; and the class of “Poisson–Lie T-dualizable 
σ -models on a compact group target” introduced by Klimcˇík and 
Ševera in [14]; we shall call them KS-models. Namely, we show 
that the T-models are nothing but the analytic continuations of 
the Poisson–Lie T-duals of the KS-models.
By the way, we ﬁnd truly remarkable that the T-models and the 
KS-models were orbiting around for two decades without “know-
ing about each other”. The reason for this is that the authors of 
[14] have worked out the target space geometries of the Poisson–
Lie T-duals of the KS-models in coordinates natural from the point 
of view of Poisson-geometry but not natural for the comparison 
with the T-model. The parametrization of the dual target suitable 
for this comparison was introduced in [16] and here we use it to 
establish the announced result. We ﬁnd also interesting that the 
KS-models were originally invented as new objects, the reason of 
existence of which was their T-dualizability of a new kind, and the 
authors of [14] were not aware that those models were closely re-
lated to the T-models already existing on the market which had 
their independent reason of existence.le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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will be the following one: First we represent the bi-Yang–Baxter 
σ -model on the target of the simple compact Lie group G as the 
so-called E-model of Ref. [14–16] which will permit us to dual-
ize it in the sense of the Poisson–Lie T-duality. Then we work out 
explicitly the resulting dual σ -model on the target GC/G and we 
then establish that its suitable analytic continuation coincides with 
the generalized λ-model of Ref. [8]. We then realize the second 
purpose by repeating the same procedure for the most general 
E-model based on the same Drinfeld double. We ﬁnish our note 
with a short outlook.
2. E-models
Recall that the E-model, introduced in [14–16], is a ﬁrst-order 
dynamical system based on a current algebra of a quadratic2 Lie 
algebra D (playing the role of the symplectic structure) and with 
a Hamiltonian HE being encoded in a choice of a particular linear 
self-adjoint involution E :D →D. More precisely, the phase space 
of the E-model is an inﬁnite-dimensional symplectic manifold PD
with a set of distinguished D-valued coordinates j(σ ) (σ is a loop 
parameter) the Poisson brackets of which are given by
{ j A(σ ), jB(σ ′)} = F ABC jC (σ )δ(σ − σ ′) + DAB∂σ δ(σ − σ ′). (1)
Here F ABC are the structure constants of the Lie algebra D in some 
basis T A ∈D and
DAB := (T A, T B)D, ( j(σ ), T A)D := j A(σ ). (2)
Recall also that the “linear self-adjoint involution” means that E :
D→D veriﬁes
(Eu, v)D = (u,Ev)D, ∀u, v ∈D; E2u = u, ∀u ∈D. (3)
Finally the Hamiltonian of the E-model is given by
HE := 1
2
∫
dσ( j(σ ),E j(σ ))D. (4)
3. σ -Models from the E-models
If there is a Lie subalgebra G˜ of D of dimensionality dimG˜ =
1
2dimD and such that (u, u)D = 0, ∀u ∈ G˜ then for each E there 
exists a non-linear σ -model on the target D/G˜ , the ﬁrst order dy-
namics of which coincides with the E-model (PD, HE ). Here G˜
and D stand for (simply connected) Lie groups corresponding to 
the Lie algebras G˜ and D. The second order geometrical action of 
this D/G˜ model is given by [15–17]:
SE ( f ) = SW ZW ,D( f )−k
∫
dξ+dξ−(P f (E) f −1∂+ f , f −1∂− f )D,
(5)
where f ∈ D parametrizes the right coset D/G˜ (one can choose 
several local sections covering the whole base space D/G˜ if there 
exists no global section of this ﬁbration). Most importantly, the 
symbol P f (E) appearing in (5) denotes a projection operator from 
D into D, unambiguously deﬁned by the relations
ImP f (E) = G˜, KerP f (E) = (1+ Ad f −1EAd f )D. (6)
For completeness, the standard level k WZW action SW ZW ,D( f ) is 
deﬁned as usual
2 Recall that the quadratic Lie algebra D is by deﬁnition equipped with a non-
degenerate ad-invariant symmetric bilinear form (., .)D .SW ZW ,D( f ) := k
2
∫
dξ+dξ−( f −1∂+ f , f −1∂− f )D
+ k
12
∫
d−1(df f −1, [df f −1,df f −1])D, (7)
and the light-cone variables ξ± and the derivatives ∂± are
ξ± := 1
2
(τ ± σ), ∂± := ∂τ ± ∂σ . (8)
4. The E-model for the Yang–Baxter σ -model
The question which is often of interest is in a sense inverse 
to that answered in 3. That is, given a σ -model on some target, 
can we associate to it an E-model from which it originates via the 
formula (5)? For example, let us consider the so-called η-model (or 
Yang–Baxter σ -model) [1,2] which is the σ -model on the target of 
a simple compact group G with the second-order action
Sη(g) = 2kη
∫
dξ+dξ−(g−1∂+g, (1− ηR)−1g−1∂−g). (9)
Here g(ξ+, ξ−) ∈ G is a ﬁeld conﬁguration, (., .) is the Killing–
Cartan form on the Lie algebra GC of GC and R : G → G is the 
so called Yang–Baxter operator deﬁned, for example, in [2].
It turns out (cf. [1,2,16]) that the model (9) is the E-model for 
the choice3 D = GC , G˜ = AN and Eη given by
Eηz = −z + 1+ iη
2iη
(
(1+ iη)z + (1− iη)z∗) , z ∈ GC (10)
(z∗ stands for the Hermitian conjugation). The ad-invariant non-
degenerate symmetric bilinear form (., .)D is given by the formula
(z1, z2)GC := −i(z1, z2) + i(z1, z2). (11)
5. The Poisson–Lie T-dual of the Yang–Baxter σ -model
If, given an E-model, there are two different subalgebras G˜1
and G˜2 having the properties described in 3. then the E-model 
gives rise to two σ -models living, respectively, on different4 tar-
gets D/G˜1 and D/G˜2. This phenomenon is called the Poisson–Lie 
T-duality and the models on D/G˜1 and D/G˜2 are referred to as be-
ing Poisson–Lie T-dual to each other. Is there a Poisson–Lie T-dual 
to the Yang–Baxter σ -model (9)? Yes, there is, if we take G˜2 = G
instead of G˜1 = AN . The action of the dual σ -model on the target 
D/G˜2 in the form suitable for our exposition was worked out in 
[16] and it is given by the formula
S˜η(p) = −ikSW ZW (p2)
− ik
∫
dξ+dξ−
((
1+ iη
1− iη − Adp2
)−1
∂+(p2)p−2,
p−2∂−(p2)
)
. (12)
Here the standard WZW action SW ZW (g) (based on the ordinary 
Killing–Cartan form (., .) on GC and not on (., .)D!) is given by
3 AN is the subgroup of GC featuring in the Iwasawa decomposition GC = GAN
[19]. For GC = SL(N, C), the subgroup AN is formed by the upper triangular com-
plex matrices with positive real numbers on the diagonal and unit determinant.
4 However, if there exists an element a ∈ D such that AdaG˜1 = G˜2 then the target 
space geometries on D/G˜1 and on D/G˜2 are the same in the sense of being related 
by a diffeomorphism from D/G˜1 onto D/G˜2.
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2
∫
dξ+dξ−(g−1∂+g, g−1∂−g)
+ k
12
∫
d−1(dgg−1, [dgg−1,dgg−1]) (13)
and p(ξ+, ξ−) is a ﬁeld conﬁguration taking values in the space5
P of positive deﬁnite Hermitian elements of GC which naturally 
parametrize the space of cosets GC/G . Note that the dual action 
S˜η(p) is real in spite of the occurrence of the imaginary units in 
front of the integrals in the expression (12).
6. The E-model for the bi-Yang–Baxter σ -model
This paragraph 6. interpolates between the review part of this 
letter presented so far and the original part to follow. In fact, we 
expose here a result which is new, but could have been extracted 
without much diﬃculty from the contents of Ref. [2]. Namely, we 
construct the E-model corresponding to the two-parametric bi-
Yang–Baxter σ -model on the target of a simple compact group G
the second-order action of which reads
Sη,ρ(g) = 2kη
∫
dξ+dξ−(g−1∂+g, (1− ηR − ρRg)−1g−1∂−g).
(14)
Here Rg = Adg−1 RAdg .
To identify the E-model from which (14) originates we take, of 
course, the same double D = GC and the same subgroup G˜1 = AN
as in the case of the Yang–Baxter model (9), however, the crucial 
involution Eη,ρ must now be a one-parametric deformation of the 
involution Eη from the paragraph 4. It turns out (at this is the ﬁrst 
new result of this letter) that the correct choice is the following 
one
Eη,ρ z = −z + 1+ iη + ρR
2iη
× ((1+ iη − ρR)z + (1− iη − ρR)z∗) , z ∈ GC (15)
where the operator R is extended from G to GC by complex lin-
earity:
Rz := 1
2
R(z − z∗) − i
2
R(iz + iz∗). (16)
We now parametrize the coset D/G˜1 = GC/AN via the Iwasawa 
decomposition GC = GAN which means that the conﬁguration f
in Eq. (5) is G-valued. We set therefore f = g and remark that 
the term SW ZW ,D(g) in (5) vanishes because of the property of 
the Lie algebra G˜1 of G˜1 = AN that (u, u)D = 0, ∀u ∈ G˜1. In order 
to see that the choice (15) gives the bi-Yang–Baxter model (21), it 
remains to identify the projection operator P1,g(Eη,ρ) on G˜1. For 
that, it helps to know that every ζ ∈ G˜ can be uniquely written as
ζ = (R − i)u (17)
for some u ∈ G . With this insight, we ﬁnd that the following ex-
pression
P1,g(Eη,ρ)z = 1
2
(R − i)(1+ ρRg + ηR)−1
× ((i+ iρRg + η)z + (i+ iρRg − η)z∗) (18)
veriﬁes the conditions (6) and, inserting (18) into (5), we recover 
the action (14).
5 For the group GC = SL(N, C), P coincides with the space of positive deﬁnite 
Hermitian N × N matrices of unit determinant.7. The Poisson–Lie T-dual of the bi-Yang–Baxter σ -model
This is the central paragraph of this note since here we work 
out our principal result which is the explicit form of the Poisson–
Lie-T-dual of the bi-Yang–Baxter σ -model. Of course, the action of 
the dual σ -model is derived from the E-model based on D = GC
and Eη,ρ via the basic formula (5), the thing which changes with 
respect to 6. is the choice of the Lie subgroup G˜2 = G . Identifying 
the coset D/G with the space P of all positive deﬁnite Hermi-
tian elements of the group GC as in [16], we set in (5) f = p ∈ P
and ﬁnd the corresponding dual projection operator P2,p(Eη,ρ) on 
G˜2 = G:
P2,p(Eη,ρ)z = 1
2
(z − z∗) + 1
2
(m+(1+ ρR) −m−η)
× (m−(1+ ρR) +m+η)−1i(z + z∗), (19)
where the operators m± : G → G are deﬁned by
m+ := 1
2
(Adp + Adp−1), m− :=
i
2
(Adp − Adp−1). (20)
Inserting (19) in (5) and realizing that p is Hermitian (therefore it 
holds (p−1∂+p, p−1∂−p)D = 0) we ﬁnd after some work the ac-
tion of the Poisson–Lie T-dual of the bi-Yang–Baxter σ -model:
S˜η,ρ(p) = −iSW ZW (p2)
− ik
∫
dξ+dξ−
((
1+ iη + ρR
1− iη + ρR −Adp2
)−1
∂+(p2)p−2,
p−2∂−(p2)
)
. (21)
8. Generalized λ-model and the analytic continuation
Recently, Sfetsos, Siampos and Thomson introduced in [8] an 
interesting two-parameter integrable deformation of the WZW 
model on the simple compact group G which they called the gen-
eralized λ-model. The action of this theory is given by the formula
Sα,ρ(g) = SW ZW (g)
+ k
∫
dξ+dξ−
((
1+ α + ρR
1− α + ρR − Adg
)−1
∂+gg−1,
g−1∂−g
)
, (22)
where α, ρ are real parameters related to the real parameters t˜, η˜
originally used in [8] by the formulae
ρ = − 2kt˜η˜
2kt˜ + 1 , α =
1
2kt˜ + 1 . (23)
We remark also that the terminology λ-model refers to the nota-
tion used in [8] where the operator 1+α+ρR1−α+ρR was denoted as 
−1.
It is now evident that the action (22) can be transformed into 
that (21) by performing three operations:
1) replacing the G-valued conﬁguration g(ξ+, ξ−) by the 
P -valued p2(ξ+, ξ−),
2) replacing the real parameter α by the purely imaginary 
one iη,
3) multiplying the action (21) by −i.
The two last operations can be clearly interpreted as appropri-
ate analytic continuations and the ﬁrst one too, if we parametrize 
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with k ∈ G , δ is unitary diagonal and a is real positive diagonal. 
Replacing δ by a can be now interpreted as a simple analytic 
continuation of the coordinates parametrizing the complex Car-
tan torus of GC . In the case of the target SU (2), the operations 
1), 2) and 3) coincide with those carried out in [8] therefore our 
result generalizes to any G the SU (2) result of Sfetsos, Siampos 
and Thompson stating that the generalized λ-model is related by 
an appropriate analytic continuation to the Poisson–Lie T-dual of 
the bi-Yang–Baxter σ -model.
9. Poisson–Lie T-duals of the general KS-models
Consider now the most general E-model based on the Drinfeld 
double D = GC . It is deﬁned by the choice of a linear operator 
E : G → G , which can be written unambiguously as E = S + A, 
where (Sx, y)G = (x, Sy)G , (Ax, y)G = −(x, Ay)G , and we require 
also that the symmetric part S is invertible. We choose the corre-
sponding self adjoint involution Eη,E as
Eη,E z = −z+ (E + iη) S
−1
2iη
(
(E† + iη)z + (E† − iη)z∗
)
, z ∈ GC,
(24)
where E† ≡ S− A. Note that for S equal to the identity and A = ρR
we recover the bi-Yang–Baxter involution Eη,ρ .
It is not diﬃcult to work out the crucial projection operators. 
Setting Eg := Adg−1 EAdg , we ﬁnd
P1,g(Eη,E )z = i
2
(R − i)(Eg + ηR)−1
(
(Eg − iη)z + (Eg + iη)z∗
)
,
(25)
P2,p(Eη,E)z = 1
2
(z − z∗)
+ 1
2
(m+E −m−η)(m−E +m+η)−1i(z + z∗) (26)
which, plugged in the fundamental formula (5), yield respectively 
the generic KS-model
Sη,E(g) = 2kη
∫
dξ+dξ−(g−1∂+g, (E†g − ηR)−1g−1∂−g). (27)
and its Poisson–Lie T-dual
S˜η,E(p) = −iSW ZW (p2)
− ik
∫
dξ+dξ−
((
E + iη
E − iη − Adp2
)−1
∂+(p2)p−2,
p−2∂−(p2)
)
. (28)
10. T-models and the analytic continuation
Replacing in (28) the P -valued p2(ξ+, ξ−) by the G-valued con-
ﬁguration g(ξ+, ξ−), replacing the imaginary parameter iη by the 
real parameter α and multiplying the action (28) by i, we obtain
Sα,E(g) = SW ZW (g)
+ k
∫
dξ+dξ−
((
E + α
E − α − Adg
)−1
∂+gg−1,
g−1∂−g
)
. (29)The action (28) is to be compared with the general action of the 
T-model on the compact group target G:
S(g) = SW ZW (g)
+ k
∫
dξ+dξ−
((
−1 − Adg
)−1
∂+gg−1, g−1∂−g
)
,
(30)
where  : G → G is an arbitrary invertible operator. The obvious 
identiﬁcation
−1 = E + α
E − α (31)
can be generically inverted
E = −α + 1
 − 1 , (32)
which conﬁrms our claim that the analytical continuations of the 
Poisson–Lie T-duals of the KS-models are the T-models.
11. Outlook
In order to relate the η and the λ deformations of the σ -models 
living on the cosets of G via the Poisson–Lie T-duality and the an-
alytic continuation, it looks promising to use the framework of the 
dressing cosets generalization of the E-models [20]. We plan to 
deal with this problem in a near future. Another interesting ques-
tion to study would be the behavior of the Poisson–Lie symmetries 
of the models (28) under the analytic continuation yielding the 
T-models (30). The recent results of Ref. [21] could be of use in 
tackling this problem.
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